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Abstract

There is a large body of research on learning action policies,
i.e., functions that map environment states to an action to per-
form. Unfortunately, such policies usually do not come with
guarantees regarding the quality of their decisions. One way
to provide safety guarantees for such policies is to use verifi-
cation techniques after the policy has been trained. Verifica-
tion answers whether states which are considered unsafe are
reachable when following the policy. This task involves rea-
soning about large parts of the state space as well as the policy
itself, which makes it hard. Recent work has shown that Tree
Ensemble representations are similarly well suited to learn
action policies as neural networks, but simplify verification.
A well-known technique to compactly represent large state
spaces while still enabling the necessary reasoning is Sym-
bolic Search, which has been used in model checking as well
as in planning. In this paper, we introduce a method to verify
action policies represented as Tree Ensembles by using Bi-
nary Decision Diagrams (BDDs). We present two approaches
to represent the policies as BDDs, one involving an interme-
diate translation to Algebraic Decision Diagrams. We inte-
grate these policy representations into a BDD-based symbolic
search. Our results show that especially an incremental com-
putation during the search works well. On the standard bench-
mark set, our system outperforms the related work based on
Policy Predicate Abstraction.

1 Introduction

The goal in Al planning is to find sequences of actions
that achieve certain objectives in an environment. While this
is sufficient in deterministic environments, there are cases
where it cannot be used effectively, e.g. when the environ-
ment is non-deterministic, but also when the initial state is
not fully specified or unknown in advance (while the envi-
ronment is still deterministic). To nevertheless realize goal-
directed behavior in such environments, one way is to learn
an action policy, a function mapping the current state to an
action to perform. One increasingly popular approach to ob-
taining such policies is training Neural Networks. However,
a major drawback of ML-based policies is that they usually
do not come with guarantees regarding their behavior, which
might be prohibitive in safety-critical environments.

One way to circumvent this problem is to perform safety
verification after training. The goal of verification meth-
ods is to prove that certain unsafe states of the environ-

ment are not reached when following the policy. This task
involves reasoning about large parts of the state space as well
as the policy itself. Prior work introduced Policy Predicate
Abstraction (PPA) to verify Neural Network-based policies
(Vinzent, Steinmetz, and Hoffmann 2022; Vinzent, Sharma,
and Hoffmann 2023). Predicate abstraction clusters a set of
environment states into abstract states, which decreases the
size of the state space while over-approximating the set of
reachable states. More recently, it has been shown that Ad-
ditive Tree Ensembles are equally suited to learn action poli-
cies, while being better suited for verification (Jain et al.
2024). This work still uses predicate abstraction to reason
about the large state space.

In this work, we introduce a method for verifying the
safety of Additive Tree Ensemble Policies based on symbolic
search using Binary Decision Diagrams (BDDs). BDDs en-
able a compact representation of large sets of states, while
still allowing reasoning operations that can be used to realize
state transition over sets of states. They have been success-
fully applied in Al planning (Kissmann and Edelkamp 2011;
Torralba et al. 2017) and we can build upon these techniques.

In the following, we first show how to encode the additive
tree ensemble policy’s decisions into so-called policy region
BDDs, allowing us to restrict the symbolic search to only ex-
pand actions on states where an action is selected by the pol-
icy. Next, we show that it is sufficient to compute the policy
regions only on the reached states in each iteration, and de-
scribe how this can be exploited. Finally, we evaluate our ap-
proach against the state-of-the-art PPA verification approach
on existing additive tree ensemble verification benchmarks.
The results show that symbolic search needs less time for
verification, and it can verify more policies than the PPA-
based approach.

2 Background

In this section we give the necessary background in plan-
ning, safety verification, tree ensembles, and decision dia-
grams.

2.1 Policy Safety Verification

Similar to related work (Vinzent, Steinmetz, and Hoffmann
2022), our work is based on non-deterministic state spaces
with bounded integer variables.

A planning task is a tuple (V, £, O), where



e Vis a set of state variables, and each variable v € ) has
a non-empty bounded integer interval domain D,,,

e L is a set of action labels,

e and O is a set of operators, where an operator o € Oisa
tuple (g, £, u) with guard g € C, label ¢ € L, and update
u: VYV — Exp.

All sets in the definition are finite. A linear integer expres-
sion over V is an expression of the form

di-vi+--+d. v+ ¢

with v1,...,v, € Vand dy,...,d,,c € Z. We denote by
Ezp the set of all linear integer expressions over V. C' de-
notes the set of linear integer constraints over V, given by
the grammar

Pu=e; <ex|ler=ex]|er >e| " O|PAD|DPVD

with e1, eq € Fxp.

A state s over V is a function V — 7 assigning each
variable a value from its domain, i.e., s(v) € D, for v €
V. Let S be the set of all states. Given a state s € S, the
evaluation of an expression e € Ezp under s, denoted e(s),
is a value in Z given by

e(s)=di-s(n)+---+d-s(vy) +ec.

[¢]s denotes the evaluation of a constraint ¢ € C in a state
s € S recursively defined as:

[e1 < ea]s = e1(s) i ea(s)
[-¢1s = -[¢]s
[o A ls = [¢]s A [¥]s
[[¢ \% 'll)ﬂs = [[¢]]s v [[1/)1]9

with >t € {<,=>}. We use s |= ¢ as shorthand for [¢];
evaluating to true. We write [¢] for the set {s € S | s = ¢}.

Definition 1 (State Space). The state space of a plan-
ning task {(V,L,O) is a labeled transition system (LTS)
O = (S,L,T) where S is the set of states over V and
T C S x L x S is the set of transitions. There is a tran-
sition (s, 0, s') € T if and only if there exists an operator
0= (g,¢,u) € Osuchthat s |= gand s’ = {v — u(v)(s) |
v € VY, i.e., an operator with label { such that the guard
constraint g evaluates to true in s and s’ maps each variable
to the integer resulting from evaluating the expression u(v)
under s'.

The following definitions are adapted from Vinzent and
Hoffmann (2024).

Definition 2 (Reach-Avoid Property). A reach-avoid prop-
erty is a tuple (¢po, bu, dg) where ¢o € C'is the initial con-
dition, ¢,, € C'is the unsafety condition, and ¢, € C'is the
goal condition.

Definition 3 (State Space Safety). A state space © =
(S, L, T) is unsafe with respect to (¢g, ¢, ¢g) if and only
if there exist states S, . .., S, € S with so |E ¢o, $n = du,

'In related work, it is assumed that models do not update a vari-
able to a value outside of its domain (Klauck et al. 2018, p. 4). In
the following, we make the same assumption.

(Siy— 8it1) € T fori € {0,...,n — 1}, and s; = ¢4 for
i € {0,...,n — 1}. A state space is safe if no such states
exist “.

A state that satisfies the initial, goal, or unsafety condition
is also called an initial, a goal, or an unsafe state.

We next define the safety of a policy via the safety of the
policy-restricted state space, which is the state space that
contains the transitions which are selected by the policy.

Definition 4 (Policy). Let © = (S, L, T) be a state space.
A policy m: § — L is a function mapping the states of the
state space to actions.

Definition 5 (Policy-Restricted State Space). Let © =
(S, L, T) be a state space, and let 7: S — L be a policy.
Then ©™ = (S, L, T™) is the policy-restricted state space of
O, with T™ = {(s,0,s") € T | w(s) = {}.

Based on this, policy safety is defined as follows.

Definition 6 (Policy Safety). A policy m is safe with respect
to a reach-avoid property p and a state space © if and only
if the policy-restricted state space OT is safe with respect to
.

Now we have given the necessary background in planning
and safety and will next introduce the policy representation.

2.2 Additive Tree Ensembles

Let X be an input space and ) be an output space.
A decision tree is inductively defined as either

* aleaf node with a value v € ), denoted Leaf(v), or

* an internal node Node(v; < «, Ty, Tg), where v; is a
feature of the input space, « € R is a threshold, and
T, TR are decision trees called the left and right subtree.

A decision tree T induces an evaluation function (T'): X' —
Y defined recursively as:

v if T' = Leaf(v)
(T)(x) = (T) elseifz; <«
(Tr) otherwise,

In the internal node cases, T = Node(v; < «,TL,Tr)
and z; is the ¢-th component of the input vector x.

A tree ensemble is a finite collection of decision trees.
A tree ensemble T = [T4,...,T,] induces an evaluation
function (T): X — ), defined as

(T)(x) = (T1)(x) + -+ + (Th) (%)

We generalize the notion of boxes by Devos, Meert, and
Davis (2021) to arbitrary nodes. The box of a node n, written
box(n), is the hypercube of the input space obtained by con-
joining the decisions that lead to that node. For example, the
box of the orange leaf in Figure 1 is v > 3Avy > 4Avg < 3.
For a collection of nodes nq,...,n; the box is defined as
box(n1,...,ng) ==y

’In terms of Computation Tree Logic (CTL), safety w.r.t. a
reach-avoid property (¢o, ¢, ¢4) corresponds to the CTL formula
b0 = A[=pu W ¢y].
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Figure 1: Let s = {v; > 4, vy > 7, v3 —> 2}. First, the individual decision trees are evaluated. Then, the leaf values are added
up. The label selected by the policy corresponds to the maximum value in this sum, i.e., 7(s) = (5.

In our setting, X = 7ZV!. we identify each state s
(recall states are functions V — 7Z) with the vector

[s(v1) --- s(vp))] T using a fixed ordering vy, ..., vy
of the variable, and ) = RI£I.

A tree ensemble T then induces a policy 7: & — L as
follows: Let s € S, (T)(s) = [1 -+ vz T e Rl
and v; = max(vi,...,v|z|), then m(s) = ¢;. Figure 1 pro-
vides an example evaluation of a tree ensemble policy.

Intuitively, each action label is associated with a score by
the tree ensemble, and the policy selects the action label with
the highest score.

2.3 Binary Decision Diagrams

A Binary Decision Diagram (BDD) is a rooted directed
acyclic graph with two terminal nodes, the 0/false terminal
and the 1/true terminal. Each internal/decision node is an-
notated with a Boolean variable and has a low and a high
child. An example BDD is given in Figure 2. The low edges
are marked by dashed lines and the high edges by solid lines.
A BDD is evaluated by starting at the root and moving to
the low child if the variable in the current node is false and
to the high child if it is true. Ordering enforces a variable
ordering along all paths; reduction applyes two reduction
rules to the BDD. The latter are merge, which merges identi-
cal subtrees, and delete, which removes nodes with identical
children (replacing the redundant node with its only child).
The result of ordering and reduction is a Reduced Ordered
Binary Decision Diagrams (ROBDD). ROBDDs have been
introduced by Bryant (1986) and enable a compact repre-
sentation of Boolean functions B” — B. For a fixed vari-
able ordering, ROBDDs are a canonical representation of
Boolean functions, i.e., there is a unique ROBDD for each
Boolean function. To check satisfiability of a function rep-
resented as ROBDD it suffices to check equality with the
ROBDD for false (in constant time). Consequently, obtain-
ing the ROBDD of a function is at least NP-hard. In the re-
mainder, when we say BDD, we actually mean ROBDD.

2.4 Algebraic Decision Diagrams

Algebraic Decision Diagrams (Bahar et al. 1993) (ADDs)
are a generalization of BDDs that allow more than two ter-
minal nodes. See Figure 2 for an example. They can thus
represent functions B* — § with finite images for arbitrary

Figure 2: Left: (RO)BDD for the Boolean function
(a Ab) Vc. Right: ADD counting the number of true vari-
ables. Both diagrams use the variable ordering a < b < c.

(even infinite) sets S. An algebraic structure defines the pos-
sible values of terminal nodes and operations on then possi-
ble values. It is a tuple 4 = (S, ops, uops, elems) with a
carrier set S, a finite set of binary operators § x S — S
ops, a finite set of unary (or monadic) operators S — S
uops, and a finite set of distinguished elements elems C §.
When ADDs are ordered and reduced (using the same re-
duction rules as in BDDs, i.e., merge and delete), they are a
canonical representation. Apply lifts the binary operators in
ops to ADDs and monadic apply lifts the unary operators in
uops to ADDs.

2.5 Symbolic Search

Symbolic search is a search technique that explores state
spaces by operating on sets of states using efficient repre-
sentations and manipulations. A set of states S C S is rep-
resented by its characteristic function xg: S — B, with
xs(s) = 1if s € S and 0 otherwise. Similarly, transition
relations TR C S x § are represented by their characteristic
functions. The image operator computes the set of succes-
sors for a set of states and a transition relation. Symbolic
breath-first search can be conducted by repeatedly applying
the image operator on the set of reached states (which is ini-
tially the set of initial states) until the set of reached states
overlaps the set of target states or a fixpoint is reached. In the



latter case, no target state is reachable from an initial state.

BDDs are usually used as the data structure for the char-
acteristic functions, which requires a binary representation
of states.

3 Safety Verification via Symbolic Search

Recall that a state space is unsafe if and only if an unsafe
state is reachable from an initial state without traversing any
goal state. We can use symbolic search with minor modifi-
cations to verify the safety of state spaces.

3.1 Policy Safety Verification via Symbolic Search
Definition 7 (Policy Region). Given a policy m: § — L
and an action label { € L, the policy region of ¢ is the set
{s € § | m(s) = £}. We denote its characteristic function
by x7-

When treating the policy as a black-box, computing the
policy regions requires evaluating the policy on each state in
the state space, which is not feasible for large state spaces. In
Sec. 3.3 and Sec. 3.4, we present two methods for comput-
ing the policy regions for policies induced by additive tree
ensembles that do not require enumerating the states.

The modified symbolic search is given in Algorithm 1. .S,
is the search frontier in iteration 7, initialized to the set of ini-
tial states in iteration 0. In each iteration we check whether
the frontier contains unsafe states. If it does, the reach-avoid
property is violated® and we can stop. Otherwise, the goal
states need to be removed from the frontier as, per defini-
tion, their successors can not be on an unsafe path. We then
compute the set of successors in the policy-restricted state
space by only computing the successors (using image) of an
operator o on the subset of the frontier where 7 selects the
action label of o. We repeat this process until a fixpoint is
reached, in which case the policy is safe.

Algorithm 1: Verification via Forward Symbolic Search

Input: State space © = (S, L, T), reach-avoid property
(00, du, @4), and transition relations TR, for each o € O.
I: S() — [¢0],Z ~0
2: repeat
32 if S; N [¢pu] # 0 then
4: L return Unsafe
5: S; + S; \ [(;59}
6: Si—i—l «~0
7 forall / € L do
8: SfSin{seS|m(s) =1}
9: for all o € O with label ¢ do
10: L Si+1 < Si+1 U image(Sf, TRO)
11: 14—1+1
12: until S; = S;_1
13: return Safe

3.2 Encoding the State Space as BDDs

To encode a state space © = (S, L, 7T) induced by a plan-
ning task (V, £, O) as BDDs, we need:

3The unsafe path can be reconstructed. We omit the details here.

1. abinary representation of states, s.t. we can represent sets
of states and relations between states as BDDs,

2. an encoding of linear integer constraints to BDDs (de-
noted enc(-)) in that representation, for e.g. the initial,
unsafety, and goal condition, as well as the operator
guards, and

3. an encoding of the transitions 7 to BDDs.

For 1.,1let v € V be one of our variables with integer inter-
val domain D,, = [I, u]. We encode v using [log,(u—1+1)]
binary variables, called the source bits of v. To represent a
state, we stack the bits of all variables, again assuming a
fixed ordering on the variables. We use an additional copy
of the binary variables, called the target bits, to represent the
“next state” in transition relations.

For 2., we recursively encode linear integer constraints
to BDDs. For linear integer constraints of the form —®,
® A P, and @ V @, we simply use the respective operations
on BDDs. To encode atomic linear integer constraints of the
form e; < eg, €1 = eo, and e; > ey as BDD, we use
the encoding of linear arithmetic constraints of the form
S jai-x =agand Y. a; - x; < ap by Bartzis and
Bultan (2003), where ay, . . ., a,, are integer coefficients and
Z1,...,%y are bounded integer variables with lower bound
0. We use simple equivalent transformations to achieve this
form.

For 3., let o = (g,0,u) € O with v = {v; —
€1y 5 VY| > e|y|}. Be aware that we can view each el-
ement v; — e; of the update as a linear integer constraint
vl = e;* over VU V', where V' is a copy of the state vari-
ables used to represent the variables in the “next state”.

TR,, the BDD for the transition relation induced by the
operator o, is then enc(g) Aenc(v] =€) A---A enc(vl’v| =
ejy|). We keep the transition relations of each operator sep-
arate.

3.3 Computing Policy Regions via Equivalence
Class Partitions

The idea of this approach is to recurse through the nodes in a
tree ensemble, keeping track of the box of the current nodes.
Once we reach a leaf in all decision trees we can evaluate
which action label is scored highest. We can use some early
stopping criteria to detect so-called base cases, i.e., cases in
which all leaf combinations below the current node select
the same action label. The box of the nodes is then disjunc-
tively added to the policy region of the respective label.

The translation is given in Algorithm 2. Throughout the
procedure, the box of the current nodes, i.e., the hypercube
of the input space on which the current nodes are reached
in the evaluation of T, is kept as an invariant. C' holds the
boxes represented as lists of half-open integer intervals. We
initialize C to cover the domains of all variables.

We recursively explore the tree ensemble by querying the
tree selector for the next internal node to process. Given an
internal node, we compute the boxes of the left and right

“v] is an expression over V U V' by setting the coefficient of v
to 1 and all others to 0



Algorithm 2: TreeEnsemble2BDD
Input: Planning Task (V, £, O)
Tree ensemble T = [T, ..., T,]
Base Case Detector bed, Tree Selector ts
Output: List of |£| BDDs for the functions x¢,, - - -, X¢,,
function MAIN((V, £, O), [T1,...,T,])
: | forall £ € £ do

1:

2

3 xe+ L

4: forallv € Vdo
5: | | I, < min(D,); hy + max(D,) + 1
6

7

: TE2BDD([T1, ..., Toul, [[loys hoy )y <+ s [y s Py )]
: | return [y, | £ € L]

8: function TE2BDD([T1,...,T,],C)

9: | if bcd. ISBASECASE([T1, . .., T;]) then

10: | | £ < bed.GETLABEL([T1,...,Ty)])

1: b= Ayep(lo SvAV < hy)

12: Xe < XxeVb

13: | else

14: | | i,(vj < o, T, Tg) < ts.SELECT([T}, ..., T,])
15: [lgfd, hﬁﬁd) +— Clj] > Memorize old interval

16:  hi < min ([o], ho)

17: if lgl;’ < hy?" then > Else C'is empty.

18 | Clj]« {lg’;’, hg?v)

19: bed ENTER (4, T7,)

20: TE2BDD([T1,...,Tifl,TL,ﬂ+1,...,Tn]7 C)

21: | bed. ExiT(i,Tp)

22: 3"+ max ([, lfjl]d)

23: if [ < h;’f]‘l then > Else C' is empty.
. ; new old

w4 | O] [lvj , h )

25: bed ENTER (i, TR)

26: TEZBDD([Tl,...,Ti_l,TR,Ti+1,...,Tn], C)

27: \ bed EX11(i, TR)

28: > Restore old interval <

29: | Clj) + [zg_jd, h:jﬁd)

30: function ISBASECASE([T1, ..., T,])
31: | Returns True only if a base case is reached, i.e., the
current box C form an equivalence class. In the sim-

plest case, this is when all nodes 11, ...,T,, are leaf
_nodes.
32: function SELECT([T1,...,T,))

33: | Select one internal node among 77, . .., T;, according
__to some criterion and return it along with its index.

subtrees and recurse on them if their box is not empty (see
Figure 3).

When the bed identifies that the current nodes form a
base-case, the box C' is translated to a BDD in line 11 which
is added to the policy region of the label selected by bed for
the current nodes in line 12. The base case detector is noti-
fied whenever the list of current nodes changes, such that it
can update its invariant (lines 19, 21, 25, and 27).

Definition 8 (Partition). A partition of X is a set of non-
empty subsets of X such that every element of X is in exactly
one of those subsets. The elements of a partition are called
cells.

Definition 9 (Equivalence Class Partition). Given a function
f: X — Y, an equivalence class partition w.r.t. f is a par-
tition P of the domain X, such that VA € P : Va,b € A :
f(a) = f(b), i.e., all inputs in a cell map to the same output.

Theorem 1 (Soundness and Completeness). Assume the fol-
lowing conditions hold:

(1) The boxes of the nodes in the base cases encountered in
TE2BDD form an equivalence class partition w.r.t. the
policy .

(2) GETLABEL returns the correct label in each base case.

Then the algorithm is sound and complete, i.e. every xj re-
turned by MAIN is (the BDD of the characteristic function
of) the policy region of {.

Since (2), every box gets added to the correct policy region,
and since the boxes partition S, each state is added to a pol-
icy region.

Proposition 1. (1) and (2) hold if the base case detector bed
satisfies two properties:

e If all current nodes T1,...,T, are leaf nodes, then
bcd ISBASECASE([T1, ..., T,]) is True. We then say
that bed is leaf-detecting.

* If bcd. ISBASECASE([TY, ..., T,]) is True, then Vs €
C: 7(s) = bed.GETLABEL([T4, ..., Ty)). We then say
bed is sound.

Proof. (2) trivially holds if bcd is sound. To show (1) —i.e.,
that the boxes of the nodes in the base cases encountered in
TE2BDD, from now on called P, form an equivalence class
partition w.r.t. 7 — we need to show that (a) P is a partition
of S, and (b) for all states s1, s2 in a cell w(s1) = 7(s2).

For (a), first convince yourself, that, given an internal
node Node(v; < «,Tr, Tr), the recursion works as shown
in Figure 3.

The box C'is initially the entire state space S (lines 4-6).
The recursion structure enforces that the current box never
becomes empty (therefore ) ¢ P) and that, in case 2, the
two new boxes partition the current box. The leaf-detecting
property guarantees that each branch in the recursion tree
eventually ends in a base case. This concludes (a). For (b),
let A € P.Since A € P, A is a box encountered in a
base case. Using the soundness property of bed, we get that
Vs € A : w(s) = bcd.GETLABEL([Ty,...,T,]) and thus
Vs1,82 € A:m(s1) = m(s2). O

Base Case Detection In this section, we propose three
base case detection methods and give proof sketches why
they are leaf-detecting and sound. They all keep some form
of data, for which some invariant holds on each search state
(given by the current nodes 71, . . . , T}, and their box C'). For
each method, we describe the invariant and how the data is
updated in ENTER(¢, node) and EXIT(7, node) to maintain
the invariant.



Case 1; by, < [a]:

[a]
L, P, ly. hy
" rec. on T, with

Case 2;[;, < [a] < hj,:

17, with U%
L, P, L
PL) ’ rec. on
|—Oé-| hUJ
Tr with ]
Case 3; [a] <1y
[a]
l Ly, P, Lo, Py,
— rec.on Tr with

Figure 3: Visual aid for understanding the recursions of Al-
gorithm 2.

All Leafs Given nodes T4, ...,T,, the all leafs detector
returns True if and only if all nodes are leaf nodes. GET-
LABEL sums up the leaf values and returns the best one.
This is trivially leaf-detecting and sound. This is the most
basic base case detection method and does not provide any
pruning power. We implement it by keeping the number
of non-leaf nodes n/ as an invariant, which is maintained
in ENTER (¢, node)/EXIT(i, node) by decrementing/incre-
menting nl by 1 if node is a leaf node.

Uncatchable Leader The uncatchable leader approach
uses an accumulator accu as an invariant. In each search
state, the accumulator holds the sum of the values of the leaf
nodes. The index of the maximal component in accu is the
current leader. The potential between the leader and another
label in a node 7" indicates by how much the other label can
catch up to the leader in that node. If the lead of the leader
is greater than the sum of potentials of non-leaf nodes for
any other label, then the current leader is uncatchable. An
example is provided in the appendix.

Definition 10 (Potential). Given a decision tree T and
two action label indices i,j € {1,...,|L|}, the poten-
tial Pr : {1,...,|C]} x {1,...,|£]} — R between
¢ and {; in T is defined recursively: Pr(i,j) = x; —

z; if T = Leaf(]z x|£|]T) and Pr(i,j) =
max(Pr, (4,7), Pr,(i,7)) if T = Node(v; < o, T, TR)-

The potential between two labels ¢; and /5 in a node 7" is
the maximum possible difference between the values for /1
and /5 in any leaf below T'.

We bottom-up precompute the potentials for all nodes in
the ensemble and pairs of indices, and store them in a |£]| X
|£] matrix for each node.

As already stated, we use an accumulator accu as
an invariant, that holds the summed up values of leaf
nodes in the current search state. accu is initialized with
the |£|-dimensional vector 0. To maintain the invari-
ant, ENTER(%, node)/EXIT(7, node) adds/subtracts the leaf
value of node to accu if node is a leaf node.

ISBASECASE(. . .) first determines the index and value
of the current leader, by finding the maximum value and its
index %44 in accu. For the indices of all labels other than
the leader 7,41 We sum up the potentials Pr(iother, ticad)
for all internal nodes T in 711, ..., T},,>. The other label can
catch up to the leader by at most that value. If none of
the other labels can catch the leader, i.e., the summed po-
tentials are less than the lead for all labels, we know that
Vs € C: n(s) = {;,,,. By returning ¢;, , in GETLABEL we
get a sound base case detector.

To show that it is also leaf-detecting, assume all
T1,...,T, are leafs. Then there are no internal nodes in
Ty, ...,T, and thus the sums of potentials of internal nodes
are all empty, i.e. 0, and consequentially none of the other
labels can catch up to the leader.

Llead

Bounds on Minimum and Maximum The basic idea is
as follows: For each action label and each decision tree, we
have a lower and upper bound of the value this tree can con-
tribute to the label. When we add up these bounds, we get a
bound for the value of each label in the tree ensemble. When
the lower bound of the value of one action label is greater
than the upper bound of the value of all other labels, we are
in a base case.

Definition 11 (Mini and Maxi). Given a decision tree T' we
recursively define T and T, the vector of minimal and max-
imal values each component can assume in any leaf of T.
IfT = Leaft(v), T = T = v, and if T = Node(v; <
a,Tp,Tr), T = min(Ty,Tg) and T = max(Ty,TR),
where min and max are the componentwise minimum and
maximum on vectors.

For nodes Ti,....T,, > v T, < Yo (Ti)(z) <
S, T, forall z.

We precompute Bounds(T') = [ T| € RI€I*2 for
each node T in every tree of the ensemble.

We keep the sum of bounds > ; Bounds(T;)
as an invariant. To maintain the invariant,
ENTER(7, node)/EXIT(i, node)  narrows/widens  the
sum of bounds by subtracting/adding Bounds(parent) and
adding/subtracting Bounds(node), where parent is the
parent of node.

ISBASECASE(Th, . .., T,,) returns true if and only if the
largest lower bound is greater than or equal to the second-
largest upper bound in the sum of bounds. GETLABEL then
returns the action label associated with the largest lower
bound, yielding a sound base case detector.

To show that it is also leaf-detecting, assume all
Ti,...,T, are leafs. Note that for all leaf nodes T
Mini(7) = Maxi(T) and thus ) ., Mini(T;) =
> Maxi(T;). Since the largest upper bound is trivially
greater than or equal to the second-largest upper bound,
and there is a lower bound that is equal to the largest up-
per bound, we can conclude that the largest lower bound
is greater than or equal to the second-largest upper bound.
Thus, ISBASECASE is t rue.

5The leaf nodes are already accounted for in accu.



3.4 Computing Policy Regions Using ADDs

Our second approach to compute the policy region BDDs
works by encoding each decision tree in the tree ensemble as
an ADD, summing up those ADDs, and swapping each leaf
vector with the action label corresponding to its maximal
component. Finally, we extract the policy region BDD of
each action label by computing the agreement BDD with
the ADD constant corresponding to that action label.

We first describe the desired operations and later define
an algebraic structure to support these operations.

To encode the evaluation function of a decision tree,
which is a function Z!V! — RI£! to an ADD B* — RI£l, we
can first restrict the domain of the decision tree to the states
S8. The ADD for a decision tree is then built recursively:

* For a leaf node Leaf(v) with v € RII, the ADD is the
unique terminal with value v.

¢ For internal nodes Node(v; < a,Tp,TR), let A, and
Ar be the ADDs for T, and Tr. The ADD for the inter-
nal node is ITE(enc(v; < [a])?,.A;, A,-), where ITE is
the standard if-then-else operation and enc is the encod-
ing from Sec. 3.2.

We use this construction to obtain the ADDs A4, ..., A, for
the decision trees 77, ..., T, in the ensemble. We compute
the ADD of the additive tree ensemble As: as

As=A1+--+ A,

by using standard vector addition (lifted to ADDs using ap-
ply) n — 1 times.

To obtain the ADD for the policy A, we compute A, =
getLabel(As;). Therefore, we lift getLabel : RI£l — £, the
function mapping score vectors to the label associated with
the best score, to ADDs using monadic apply.

Finally, we obtain the policy region BDD for each action
label ¢ € L with the monadic function f;, : £ — B with
fe(z) = 1if z = £ and 0 otherwise.

The overall procedure is illustrated in Figure 4.

In summary, we need an algebraic structure with the car-
rier set S = B U £ U RI£l the binary vector ad-
dition +: RIl x Rl — RIZl the unary operators
{getLabel, fo,, ..., fo . }. elems is implicitly defined.

CUDD (Somenzi 1998), the decision diagram library we
use in our implementation, only supports doubles as the car-
rier set natively. We thus came up with two workarounds,
that are based on the presented approach, but work with dou-
bles as the carrier set. Both workarounds are outlined in the
appendix.

3.5 Incremental Policy Region Computation

So far, we have presented methods to compute the policy
regions for the entire state space before search. Our exper-
iments show that this computation typically dominates the
search time, often by orders of magnitude, especially for
large tree ensembles.

8 Again treating states as vectors of integers.
"We encode the branching condition v; < « using enc(v; <
al). vi < aand v; < [o] are equivalent on all states since
n<zen<[z]foralneZ xeR.

BF — RIZI BF — £
B* — RIZI B - B
Tl e .Al .
\ 7 h
-AE ~A7r \
/ X2,
T, — A,

Figure 4: Overview of the policy regions computation using
ADDs.

Algorithm 1 only uses the policy regions to restrict the
frontier set S;, by computing S¥ = S; N {s € S | 7(s) =
£}. Consequently, it is sufficient for the policy regions to be
accurate only on the current frontier.

We exploit this observation by computing policy regions
lazily during symbolic search. We integrate this in the ADD-
based approach by computing Ay, = (A; | S;) + - +
(A, | S;) in each iteration of symbolic search, where |
is the constrain operator of Coudert and Madre (1990). In-
tuitively, the constrain operator produces smaller ADDs by
permitting arbitrary behavior outside S;. We proceed as be-
fore to obtain policy region BDDs that are accurate on S;.

4 Experiments

Benchmarks We use the integer-variable benchmark set
for additive tree ensemble verification by Jain et al. (2024).
A benchmark consists of a planning task, a reach-avoid
property — both given in JANI (Budde et al. 2017) format
— and a tree ensemble given in Veritas’ (Devos, Meert, and
Davis 2021) JSON format.

Setup Our implementation is based on the C++ codebase
PlaJA® (Vinzent, Sharma, and Hoffmann 2023). For ADDs
and BDDs, we use CUDD (Somenzi 1998).

All experiments ran on a single thread of Intel Xeon ES5-
2660 CPUs with a time limit of 12 hours and a memory limit
of 4 GB.

Configurations The configurations subsumed under
equivalence classes implement the method presented in
Sec. 3.3. We combine each presented base case detector
with the two tree selection strategies depth-first (df) and
round-robin (rr). Implementations of the method presented
in Sec. 3.4 are grouped under ADD. pw and vec are the two
workarounds outlined in the appendix. vec inc computes the
policy region BDDs restricted to the current frontier in every
iteration. We use policy predicate abstraction (PPA) with
Veritas (Devos, Meert, and Davis 2021) for the transition
test (without applicability filtering) (Jain et al. 2024) as a
baseline.

Results Table 1 gives the runtime in seconds on the solved
instances. The policy GB(16) in transport is known to be un-

8https://gitlab.cs.uni-saarland.de/vinzent/PlaJAPublic



symbolic search (ours)

equivalence classes ADD
all leafs min max unc. leader vec PPA
pw vec .
model policy #T d steps | df I df Ir df I mne
GB(32)-CA 20 4 165 1 1 1 1 1 1 1 1 2 4
RF(32)-CA 5 8 124 2 2 2 2 2 2 2 2 3 3
GB(64)-CA 5 4 165 2 2 2 2 2 2 2 2 3 7
RF(64)-CA 5 8 166 3 2 2 2 2 2 3 2 4 4
BW.4 GB(16)-CI 10 4 166 2 2 2 2 2 2 2 2 3 3
RF(16)-CI 5 8 166 3 2 2 3 2 2 2 2 3 3
GB(32)-CI 10 4 166 2 3 3 2 2 2 3 2 3 2
RF32)-CI 5 6 166 2 2 2 2 2 3 2 2 3 2
GB(64)-CI 10 4 166 2 3 3 2 2 2 3 2 3 6
RF(64)-C1 5 8 166 2 2 2 2 2 2 2 2 3 3
GB(64)-CA 20 8 80 — — — — — — — — 138 3153
BW-6 RF(64)-CA 10 10 80 | 1691 1776 1319 657 1176 430 — — 12 2118
GB(64)-CI 20 8 80 475 487 512 549 496 521 — - 8 58
RF64)-CI 5 15 80 4 4 4 4 5 4 110 13 8 19
GB(64)-CA 20 8 — — — — — — — —  — — —
BW-8 RF(64)-CA 5 6 38 8 8 8 8 8 8 8 8 10 —
GB(64)-CI 30 8 79 — — — — — — — 1459 12140
RF(64)-CI 30 15 74 | 4507 4339 4951 4935 5000 4844 — — — —
transport GB(16) 10 4 1 10 12 4 7 3 4 118 17 2 1075
SP RF(16) 20 15 60 | 8688 8419 7659 4919 5962 3472 — — — —
GB(l6) 5 4 17 3 3 3 3 3 3 3 3 5 11
transport RF(16) 10 4 11 2 3 3 3 3 3 3 2 5 8
+feature GB(64) 10 4 16 10 10 9 8 6 7 11 6 8 12
RF(@©64) 5 8 17 2 2 2 2 2 2 3 3 5 12
beluoa-d GB(64) 5 4 1 0 0 0 0 0 0 2 0 0 5
& RF(64) 20 4 1 0 0 0 0 0 0 1 0 0 5
beluea-5 GB(256) 5 4 1 0 0 0 0 0 0 0 0 0 5
g RF(2256) 30 6 1 269 278 298 247 247 210 — @— 0 15
GB(64) 10 4 1 — — — — — — —_ - 1 20
beluga-6 RF(64) 20 6 17 ‘ - - - - - - & 2

Table 1: Total runtime in seconds. The lowest runtime (when rounded to two decimal points) is highlighted in boldface.
— identifies runs that exceeded the time or memory limit. #7 is the number of trees in the ensemble and d is the depth limit of
the trees. steps is the number of iterations performed by forward symbolic search before termination.

safe, for GB(64)-CA in BW-8 safety is still unknown. How-
ever, our vec inc configuration was able to establish that
there is no unsafe path of length up to 28. All other policies
are known to be safe.

Among the methods that precompute the policy regions
for the entire state space once, the configurations using
equivalence class partitions verify 4 more policies compared
to the ADD-based approaches. On these 4 benchmarks, the
ADD-based approaches run out of memory.

When we compare the runtime of our different configu-
rations, we can see that the ADD-based approaches perform
best. While for the BW-4 problems, the precomputing con-
figuration needs less time, this is different for the larger BW-
6 problems.

When we compare our configurations with related work
(PPA), our vec inc configuration still performs best, in par-
ticular on the larger problems.

5 Conclusion

In this paper we presented a BDD-based approach for pol-
icy verification. BDDs are well-suited to represent large state
spaces compactly, while still enabling reasoning operations

upon them. This is exactly what is needed in policy veri-
fication. We introduced two approaches to represent a given
Tree Ensemble Policy as BDDs, one involving an intermedi-
ate step via ADDs, and integrated it into a symbolic search.
We evaluated our approach against the state-of-the-art PPA
approach on the standard benchmark set. Our results show
that especially one of our configurations that uses incremen-
tal computation works well on the benchmarks; in particular
on the larger instances.
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A Appendix
Uncatchable Leader Example

We provide an example illustrating how the uncatchable
leader base-case detector identifies base cases early.

Example 1. Assume accu is currently i(; and only the

depicted trees Ty and Ty remain to be evaluated. We deter-
mine that {1 is the current leader with value 10. It has a lead
of 13 over Uy, but the value of ¢y can catch up by at most
Pr,(2,1)+ Pp,(2,1) = 745 = 12. Thus, {1 is an uncatch-
able leader and will be the label in all leaf combinations
below the current nodes regardless of the decisions.

Figure 5: Two decision trees annotated with the precom-
puted pairwise potentials matrix for each node.

ADD Workarounds

We present two modifications of our ADD-based policy re-
gion computation that use doubles as carrier set, allowing us
to use out-of-the-box CUDD (Somenzi 1998) in our imple-
mentation.

Point-wise ADDs The idea behind the first workaround,
which we name point-wise ADDs, is to decom-
pose each decision tree 7; into |L| decision trees

T,..., T/ with leaf values in R, such that
T
Th@) = (@) ... @N@)] . We then

encode the Tij to ADDs Aff and sum them up to obtain

ADDs AL for j = 1,...,|L]. We use |£]| — 1 apply
operations with the binary max operator to compute one
ADD that evaluates to the maximum value in each leaf. We
can then use CUDD’s Agreement function — which, given
two ADDs, computes a BDD that is true for all inputs on
which the ADDs have the same output — to get a BDD that
is true for all inputs on which AL is the maximum. This
is (the BDD of the characteristic function of) the policy
region of ¢;. The drawback of this workaround is that we
unnecessarily duplicate the decision structure |£| times in
each step.

Vector ADDs In this workaround, we simulate the desired
algebraic structure with integers (cast to double) as the con-
stant values. 0 and 1 correspond to 0 and 1, the next |L]
numbers 2, ..., |L| + 1 are reserved for the labels. The inte-
gers starting at |£| + 2 are used as ids for the distinguished
elements in X. Whenever we encounter a new distinguished
element in X, i.e., a vector of reals, we create a new ADD
constant. A mapping from ids to the distinguished elements,
i.e., the vectors, is stored in a hashmap. We implemented a
new binary addition operator that returns the id of the sum
of the vectors associated with the two operands, newly cre-
ating it when the sum is not yet in the hashmap. The unary
operator getLabel looks up the vector associated with the
operand, finds the component with the maximal value and
maps to the constant that was reserved for the respective
label. The monadic functions f, are again realized using
CUDD’s Agreement function, comparing to the constant
values reserved for ¢.



