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Abstract

In cost-optimal planning, task reformulation methods aim to
transform a planning task into a simpler one, while preserv-
ing that an optimal solution for the new task is an optimal
solution for the original problem. They do so by exposing
some hidden structure within the original planning task and
making it explicit in the transformed task. In this paper, we
show how to reformulate planning tasks based on qualified
dominance. Qualified dominance is a novel technique that au-
tomatically analyzes a planning task to characterize the dif-
ferences among states in terms of what non-dominated plans
each state has. We extend this reasoning and instead use it
to remove unnecessary redundancy from the planning task.
We show that this reformulation can further reduce the search
space and/or enhance heuristic information. In our experi-
mental evaluation, we see that in specific cases this reduction
can be very helpful; however, in general, these patterns are
uncommon in our benchmarks.

Introduction

Domain-independent planning algorithms aim to efficiently
solve planning problems. The key is to leverage the descrip-
tion of the planning task in order to automatically discover
properties that make the task easier to solve than naively us-
ing exhaustive search. Often, this knowledge is encoded in
terms of a heuristic function to guide the search. Reformu-
lation methods, by contrast, aim to transform the planning
task to reduce accidental complexity and make some of these
properties explicit (Haslum 2007). Some examples of re-
formulation techniques include the merge-and-shrink frame-
work (Helmert et al. 2014; Torralba and Sievers 2019; Siev-
ers and Helmert 2021), reductions on SAS™ tasks (ToZicka
et al. 2016), and irrelevance pruning (Haslum, Helmert, and
Jonssson 2013).

Dominance analysis compares states s and ¢ such that,
whenever ¢t dominates s, ¢ is at least as close to the goal as s.
This is achieved by identifying state features that are always
at least as good as others. This is primarily used for discard-
ing states during search using dominance pruning (Torralba
and Hoffmann 2015; Torralba 2021). However, it can also
be used for task reformulation. Subsumed transition prun-
ing (Torralba and Kissmann 2015) simplifies the planning
task by eliminating transitions s £, ¢ that are dominated by
another transition s - ¢’ of the same state.

However, in many cases, it is not possible to find state
features that are always at least as good as others. To tackle
this, qualified dominance is a recent technique for compar-
ing states during the search (Tollund, Larsen, and Torralba
2025), where each state pair (s,t) is assigned a transition
system that represents a set of paths from s that are domi-
nated by some path from ¢. The idea is that those paths can
be ignored because, if they are optimal plans for s, then ¢
has at least as good a plan as s. Tollund, Larsen, and Torralba
(2025) used this to derive contrastive heuristics that estimate
the distance from s to the goal, only taking into consider-
ation non-dominated plans. However, this introduces pro-
hibitive overhead for heuristic evaluation, calling for other
methods to leverage qualified dominance.

In this paper, we consider how to use qualified domi-
nance information to reformulate the planning task before
the search starts. To that end, we revisit and extend previ-
ous methods for qualified dominance. Rather than identify-
ing some paths from s that are dominated by ¢, our method
considers a set of states 1", which are reachable at a lower
cost than s, and identifies plans from s that are dominated
either by any ¢t € T or by another path from s. These plans
are redundant. We then show how this extension of quali-
fied dominance can be used to reformulate planning tasks
by directly removing parts of the task that can be proven to
always result in dominated plans.

Just as qualified dominance is a generalization of domi-
nance, the resulting reformulation is a generalization of sub-
sumed transition pruning. Our transformation also gets rid
of transitions that are fully dominated, and can additionally
identify cases where a transition is not fully dominated, but
taking it must have some consequence. For example, in a
package delivery domain, if we load a package at some lo-
cation, the truck must drive to a different location and unload
it. Our reformulation is the first to make these commitments
explicit, reducing the number of valid plans while guarantee-
ing that at least one optimal plan remains. By reformulating
the task, this allows heuristics to utilize this information to
improve the heuristic estimate.

In our experimental evaluation, we analyze the effects of
the reformulation, compare different variants, and bench-
mark against state-of-the-art planning techniques. Our re-
sults show that the reformulation can significantly reduce
search effort.



Background

A labelled transition system (LTS) is a tuple © = (S, L,
—, 87, 8), where S is a set of states, L is a set of labels
with cost! ¢(¢) € RT, -=C S x L x S is a transition rela-
tion, and S¥, S¢ C S are the set of initial and goal states,
respectively. Typically, there is a single initial state; how-
ever, considering multiple initial states s1mp11ﬁes the nota-
tion (Biichner et al. 2024) We write s —>@ s’ whenever
(s,0,s") €=, or simply s % s’ if © is clear from context.

A path from sy to s, in © is a sequence of transitions
p =0 L s1... “2 s, and we denote it as sy & s,.
L* is the set of finite sequences of labels and ¢ is the empty
sequence. L(p) = ¢ ...4, is the sequence of labels of the
path. A plan 7 € L* for a state s € S is a sequence of labels
s.t. there exists a path s ¥ s, with s, € S¢ and L(p) = 7.
The cost of 7 is ¢(7) = >, c(f). We denote by P(s)
the set of all plans from s to a goal state, by Pg(s) for a
particular LTS ©, or by P(©) for the union of plans over
the initial states of ©. We denote h*(s) = min,¢p(s) ().
A plan for s is optimal if ¢(7) = h*(s). We look for a plan
from some so € ST with cost h*(ST) = mingcgr h*(s).

We consider planning tasks in factored transition sys-
tems (FTS) representation (Sievers and Helmert 2021; Tor-
ralba and Sievers 2019; Biichner et al. 2024). An FTS task
T = (©1,...,0,) is a tuple of LTSs, called factors, with
a common set of labels, such that ©; = (S;, L, T}, S{, S).
We use a tuple to refer to the individual factors by their in-
dex. A state in T is a tuple of states s = (s1,...,Sy,), one
for each factor, s; € ©;. The FTS task compactly describes
the state space. This is another LTS O = 0; ®---®0,, =
(S7,L,Tr, S5, 5’7@), where ® is the synchronized product
meaning S5+ = S; X --- x S, is the Cartesian product of
each factor’s states, T = {((s1,-..,8n), 4, (t1,..-,tn)) |
(s;,0,t;) € Tyfor1 <i < n}, SE =8 x--- x5! and
SE = 8¢ x --+ x S¢. Note that the order of the factors
is fixed, but arbitrary, as the resulting products for different
orderings are isomorphic. Throughout the paper, we use sub-
scripts to differentiate states in St (e.g., s, s’,t) and states
in factors ©; (e.g., s;, S, t;).

Figure 1 shows the planning task of our running exam-
ple, where a Mars rover must navigate past a blockage of
R rocks to reach its destination, optionally using D sticks
of dynamite. The task consists of three types of factors: a
Rock; factor for each rock ¢, a Dynamite . factor for each
dynamite j, and a single Rover factor. Each Rock; factor
has states blocked (b;) and cleared (c;); both are goal states
since the goal only constrains the rover’s location. Each
Dynamz’tej factor has states at-base (b;, initial and goal),
held (h;), and exploded (e;). The Rover factor has states
base (b, initial), blockage (m), and destination (d, goal).

The rover has two strategies to pass the blockage: (1) clear
each rock individually using clear; at cost ¢, or (2) grab a dy-
namite (grab ), move to the blockage, and detonate it with
explode; to clear all rocks at once. After explosion the dyna-
mite is 1n state e;, which is not a goal state; the pay; action

"We assume non-zero cost labels to simplify the notation, but
we can support O-cost labels by treating them as infinitesimal cost.

clear;

moveg : clear,
explode,

Figure 1: Mars Rover Dynamite example, parameterized
with R and D for number of rocks and dynamites, thus
0<i< Rand R < j < R+ D. Initial and goal states are
marked with arrows and double circles, respectively. The
denotes that a transition exists for all valid indices of the la-
bel. The cost of all labels are unit cost, except ¢(clear;) = i
and c(pay;) = R2.

restores it to its goal state b; at cost 2, representing the high
price of using dynamite. The move, label moves the rover
from the blockage to the destination, but requires all rocks
to be cleared (it only has transitions in cleared states c;). All
other labels have unit cost.

We write : after logical quantifiers to avoid ambiguity.
We write Vo € X:3y € Y:¢(z) A ¢(z,y) to mean for
all z € X there ex1sts a v, € Y such that ¢(z) A (z,y).
Additionally, Vs % & : 3t Ly o(s',t).

A task reformulation is a modification of the input task
that preserves some desired properties. We consider refor-
mulations that preserve an optimal plan, meaning at least
one optimal plan in the original task is also an optimal plan
in the reformulated task. The aim of a reformulation is to
make the task easier to solve, by reducing the size of the
state space or by exposing information to the heuristics. We
call a reformulation a simplification if it only removes states
and transitions from the state space.

Definition 1. A dominance relation is a relation C C S x S,
st.s Ct = h*(s) > h*(t) (Torralba and Hoffmann
2015).

Intuitively, s C ¢ means that ¢ is at least as close to the
goal as s. Dominance pruning is usually used to prune states
that are provably further from the goal than another state. To
find dominance relations, we draw on the concept of simu-
lation relations (Milner 1971).

Definition 2. A relation C is a <-simulation relation for @
lfS C t implies that (i) L € SV s ¢ SC and (ii) Vs %
s 3t Lt LU NS T,

A =<.-simulation (where £ <. ¢’ iff ¢(¢") < ¢(£))is a cost-
simulation. A cost-simulation is also a dominance relation.
A cost-simulation can be computed in polynomial time in
the size of ©, but this is still exponential in the size of the
planning task 7. To address this, one can compute a state-
dominance relation for each factor. For each ©;, we define a
relation C;C S; x .S; that allows us to express that a state is
as good as another. Similarly, we can define when a label is
as good as another in a factor.



Definition 3. A label ¢ dominates £ w.rt. T if Vs EN
s':3s L s/ s (Torralba and Hoffmann 2015)

This means that in this factor any time that ¢ can be
applied, one can apply ¢ instead and reach an at least as
good state. According to this definition, we construct label-
relations <; = {(4,¢') | ¢ dominates £in ©; A c(¢') <
¢(¢)}. Based on this, we can reason which labels can be ap-
plied without negative side effects on any other factor, <; =
N it =, Finally, the label-dominance simulation technique
computes a <;-simulation over each factor, which is a tu-
ple (C4,...,C,,) of relations such that whenever s; C; 1;
thent; € SCVs; & SC and Vs; & s):3t; S t): s, C;
t. AL <5 {'. Despite being a recursive definition, the coarsest
label-dominance simulation can be computed in polynomial
time in the size of the planning task (Torralba and Hoffmann
2015). Furthermore, one can compute a dominance relation
for©rass Ctiffs; C; ¢; foralli € {1,...,n}.

We always consider a noop transformation, adding a O-
cost label noop with a transition s 2222y s for all s € S.
This allows us to reply to any transition s 4y ¢ with ¢ noon,
t whenever s’ C t.

The concept of qualified dominance has previously been
studied by Tollund, Larsen, and Torralba (2025). We gen-
eralize their definition to allow for comparing against multi-
ple states. Intuitively, a qualified dominance function maps a
state s and a set of states 7" to a set of paths from s for which
a state in 7" is guaranteed to have a better plan. A qualified
dominance function is a function D : S x 25 — 257 from
a state and set of states to a language over the labels s.t.
Vi € D(s,T)N P(s): 3t € T:h*(t) < ¢(n). In previous
work, this was computed by constructing an LTS with states
(s,t) for every s,t € S encoding the paths from s that are
dominated by ¢. This LTS is then determinized and comple-
mented such that we have an LTS describing paths of s that
are not dominated by ¢. Their technique requires the task to
be deterministic. In this paper, we introduce a new, stronger
technique which constructs the negated LTS directly. In ad-
dition, while the previous method required the input task to
be deterministic, our method does not.

Task Reformulation

Task reformulation methods transform a planning task into
another, such that a solution to the reformulated task can be
transformed back to a solution to the original task. In this
paper, we are interested in reformulations that preserve the
labels and their cost, and such that any plan for the reformu-
lated task is a plan for the original task (the reformulation
must not introduce any new plans). Furthermore, at least
one optimal plan should be preserved. Thus, if we find an
(optimal) solution to the reformulated task, this is also an
(optimal) solution for the original one.

Definition 4. A task reformulation X is a procedure that re-
formulates a planning task T into T* = X\(T) in such a way
that P(T?) C P(T) and P*(T) N P*(T™) # 0.

Algorithm 1 shows an overview of the procedure to com-
pute the task reformulation. The algorithm transforms one

factor at a time in each iteration:
A
M(T)=(01,...,0,21,07,0,11,...,0,).

Our task reformulation will be based on qualified dom-
inance, which requires computing dominance on the task.
First, we compute a label-dominance simulation relation on
the original task. Then, we reformulate the factors one by
one, replacing the original factors by the reformulated ones
and recomputing dominance for the new task. The DoMI-
NANCE procedure computes dominance as described in Tor-
ralba and Hoffmann (2015). In the following sections, we
will explain the QD-REFORMULATE procedure, which is
based on qualified dominance.

Algorithm 1: Qualified dominance task reformula-
tion overview
Input: Planning task 7 = (©1,...,0,) and k € Ny
Output: Transformed planning task 7
1 Gy, By, =1, -, S DOMINANCE(T)
2 fori < 1tondo

3 SN 2y

4 ©? + QD-REFORMULATE(O;, <. N =5, k)
5 7-)\(*(@i\,‘..,Gf\,@H_l,...,@n)

6 Ci1,oor, Coy =1, oy Zp ¢~ DOMINANCE(T?)

Qualified Dominance Revisited

The core idea of qualified dominance is, given an LTS ©, to
construct a new LTS © gp whose states correspond to pairs
(s,T), where s € S is an original state and T C S is a set
of comparison states. It answers the question: what can s do
that 7" cannot? A plan of (s,T") is a plan of s for which no
state t € T has a plan that dominates it. Intuitively, (s,T")
filters out the plans of s that are provably suboptimal because
some ¢t € T can do better. We will elaborate on how these
sets of states 1" are chosen later.

We simplify the definition of the qualified dominance
transition system by defining a way to construct it directly.
This improves over the definition of Tollund, Larsen, and
Torralba (2025) by not needing determinization and nega-
tion, and by ensuring that the plans of the qualified domi-
nance LTS are a subset of the original LTS. The definition
is relative to a label relation <C L x L, specifying which
label substitutions are allowed (e.g., replacing a label with a
cheaper one). Thus, ¢ € T does not need to have the same
plan as s; rather, it needs a plan where each label is at least
as good according to <.

For a single LTS, we can use the cost-label relation <.
(i.e., £ 2. 0 iff c(¢') < ¢(¢)), ensuring plans of comparison
states no more expensive. In a multi-factor planning task,
when reformulating factor ©;, we need to also consider the
effects of ¢ and ¢’ in the other factors. Therefore, we use the
label dominance in all other factors, <;. Recall that when ¢’
dominates ¢ in factor j (¢ <; ¢') it means that in ©; when-
ever you can apply £ you can also apply ¢’ and get to an
at least as good state. Intuitively, this means if £ <; ¢’ and
£ <. ¢' we can allow substituting ¢’ with ¢ in ©,.



Definition 5. Let © = (S, L,—,S?,8%) be an LTS and
=<C L x L a label relation. The qualified dominance LTS
is Ogp = (S x 29, L, —e,,,{(si,0) | s; € ST},
SGp), where (s,T) € SGp, iff s € S AVt € T:t ¢
SY, and for every transition S £>@ s and T C 2°
we have a transition (s T) —>@QD (s/,7") with T! =

{t'eS|3teT: 3t Lot/ 0=/0Y

Each transition (s, T') —>@QD (s',T") encodes that s %o
s’ in the original LTS and that for every t' € T” there was
some ¢t € T that has a transition to ¢’ with a label that is as
good as /¢ according to <. A state (s,T) is only a goal state
if s is a goal state and no state in 7" is a goal state. This is
because if s is a goal state but there is also a goal state t € T',
then we can safely discard the (empty) plan of s, as it is not
better than the (empty) plan of t.

In the previous work, they utilized this to infer constraints
for the non-dominated plans of a state s, given a set of states
T where Vt € T:g*(t) < g*(s). Since the states in T" are
reachable with no greater cost than s, we can discard plans
of s dominated by any ¢ € T'. However, this is prohibitively
expensive because for every search node expansion we need
to find a set 7' among all expanded search nodes to com-
pare to and construct (or have precomputed) the part of the
qualified dominance LTS reachable from (s, T).

Qualified Dominance As Reformulation

To overcome the expensive computation during search, we
do the qualified dominance analysis up-front as a task refor-
mulation. To achieve this, we need to somehow know which
states are possible to compare to. We address this by extend-
ing Definition 5 w1th a new rule for 7" when considering
the transition (s, T') —>@QD (s',T"). We now also compare
against szblmg transitions: other transitions from s. Thus for
a transition s 5 s/, we compare it with siblings like s Yy g
where £ < ', resultlng in (s5,0) % (s, {s"}). We also com-
pare to the parent state s using the sibling s 292y 5. Thus
we can start with the initial states (s;, () for s; € S' and
construct the reachable state-space from those. We can also
prune unsolvable states. A sufficient (but not necessary) con-
dition for an state (s, T") to be unsolvable is if there is t € T'
s.t. s C t. Then the dominance relation guarantees that ¢ has
an at least as good plan for every plan of s.

Comparing sibling transitions raises a problem when two
of them are equally good. For example, if £ < ¢/, Z’ <l s5
s" and s —) s’ we cannot construct both (s, 0) % (s, {s'})

and (s, 0) 5 (s',{s'}). These states are both dead-ends and
we essentially prune ¢ because of ¢ but then also ¢’ because
of £. Therefore, we need some tie-breaking strategy to ensure
that one of the equally good transitions is always preserved.
We encode this using a transition order <. The transition or-
der should only break ties between equally good labels, so
(s 5 ¢)a(s s ") if £ < ¢' and ¢’ £ £. For equally good
labels we pick an arbitrary order.

The new definition is parameterized with a label relation;
a transition order <, a strict partial order over transitions
used to break ties between equally good transitions so they
do not prune each other; and a decision strategy o, which

selects a subset of comparison states (77) to track (used later
for polynomial-time approximations). For now, we can as-
sume this is the identity, so a(s 5o ', T") = T,

Definition 6. Let © = (S,L,—,S!,S%) be an LTS,
=<C L x L a label relation, < a strict partial order over
transitions, and o : (— x2%) — 2% a decision strat-
egy. The qualified dominance reformulation is A< 4 o (©) =
(S x 25 L, —>@A,{(si,®) | s; € ST},5{) = ©2, where
(s,T) € S§ iﬁ’s € SCAVt € T:t ¢ SC, and for
every transmon s b s and T C 25 we have a transi-
tion (s,T) He, (s',T") with T" = a(s e s,T") and
T ={t' eS| previous(t’) V sibling(t') }, where

previous(t') = 3t € T: 3t Lotit <t

51bllng(t):E|s—>t :fjﬁ’/\(s&t)d(sgt’)

Importantly, we only need to construct the reachable part
of this LTS and we can prune dead-end states. Still, the size
of ©), may be exponentially larger than ©. However, we ap-
ply the construction per factor, so the run-time is polynomial
in the number of factors. In many domains, the maximum
number of states per factor is bounded and thus the entire
construction runs in polynomial time. When this bound is
small, there is no issue. For the general case, we can under-
approximate with a decision strategy a(s - s/, T) = T’
with |[T’| < k for a fixed constant k& and 7" C T We se-
lect arbitrary states to keep in T”. This limits the number of
states to O(|S|*+1), which is polynomial for fixed k.

Example. Figure 2 shows the qualified dominance refor-
mulation for our running example (Figure 1). We walk
through the Dynamaite; factor step by step. The label-
relation relevant for transforming this fator is jg, with
return j§ noop and gmbj jg noop, meaning that
return; and grab; do not have positive effects in the other
factors, so moop is as good as them in all factors except
Dynamite ;. The superscript r indicates that this is a re-
duced version (i.e. a subset) of the label-dominance re-
lation. We will explain the derivation of <" later. Initial
state (bj,(Z)) The only transition is b, grabs, h;. Condi-
tion previous does not apply since T = 0. However
sibling applies: b; also has the implicit sibling self-loop
bj & bj, and grab; =% noop. So b; is added to the
comparison set, yielding (b, 0) L% (hy;, {b;}). State
(hj,{b;j}): We are in h;, comparing against b;. Two tran-
sitions are possible: (1) explode ;» there is no better sibling
transition, so (h;, {b;}) <29, (¢;. (). (2) return;: Since
return jg noop and b; 2223 p;, previous adds b; to
T, giving (h;,{b;}) =& mt“m (bj, {b;}). But b; € T and
b; C b;, making it a dead end. Intuitively, grabbing the dy-
namite and returning it is no better than doing nothing—both
grab; and return; could be replaced by noop. State (e;,):
Applying pay; leads to (b;, ), closing the cycle. The trans-
formation has discovered that any plan using grab; must
also use ezplode; and pay ;—grabbing and returning the dy-
namite is never useful.



Dynamite;

clear,
explode,

Figure 2: Qualified Dominance task reformulation of Mars Rover Dynamite example. The reformulation is achieved with noop
transformation and by preserving the reduced label relation (<7)"_, where clear; <§ noop for all 0 < i < R; return; jg noop

and grab, jg noop forall R < j < D.

Proof of Correctness

In this section, we prove that our reformulation satisfies Def-
inition 4, meaning it creates no new plans and preserves at
least one optimal plan. For some proofs, we have provided
proof sketches. The full proofs will be made available in an
appendix. We first prove properties about the relation be-
tween the original and reformulated factor, ignoring the rest
of the task. Then, we extend these properties to the case of
transforming a factor as part of a task with several factors.

First, we prove that the properties of individual transitions
from Definition 6 extend to paths. We extend label relations
= and transitions orders < to sequences of labels and transi-
tions, respectively, as {10g - -+ £, <, 04450 iff n =m
and V1 < i < n:¥¢; < ¢, and respectively for <.

Lemma 1. Let © be an LTS and ©* = A< 4. (©). For
all paths (s, T) Ysgr (s',T"), there exists s £5g s, s.t.
L(p) = L(p1) and for all t' € T’ there is a path ps s.t.
L(p1) =« L(p2) and either (I) 3t € T:t L3¢ t', or (Il)
5 L2g t' A p1 < po

Proof sketch. Full proof is in the appendix. The proof ap-
plies induction to show that the properties of individual tran-
sition (i) and (ii) from Definition 6 extend to paths in the
reformulated LTS. O

We now prove that the transformation does not create any
new plans, and afterwards that it preserves an optimal plan.
With these two properties, the transformation satisfies the
Definition 4 about task reformulations.

Lemma 2. For an LTS © and ©* = A< ,,(0), P(6*) C
P(O).

Proof. Let ©* = A< 4 (0©). We show that Pgx((s,T)) C
Po(s) forall s € Sand T C S. We prove by induction on
the length of the plans n with the hypothesis Vs € S, T C
S:Vr € Por((s,T)): 7| <m = = € Po(s). Base
case (n = 0): By Definition 6 (s,T) € S only if s € S©.
Inductive case: Let m € Pox(s), 1| =n+ 1and 7 = {n/,
then |7'| = n and there must exist a transition (s,T") % ga
(s, T") s.t.w' € Pox((s',T")). Consequently, there is s ¢
s’ and by the induction hypothesis 7’ € Pg(s’). Thus, 7 €

Lemma 3. If XC=_ then \< 4o preserves an optimal plan

7 which has a maximal path p w.rt. <, s.t. so % s, and

54 € SC.

Proof. Let © = A< ,,(0). We Jprove by contradiction.
Assume 7 € P(©?). Let (so,0) % (s,,T) be a path with
L(p') = . Since 7 is not a plan of ©* then (s,, T') ¢ S
Therefore, there exist/s/ teTstteSY Now, by Lemma
1, there is a path sg &> ¢ s.t. p <, p”’ and since T <, L(p")
and <C=, then ¢(p”) < ¢(p). This contradicts that 7 is an
optimal plan with a maximal path. O

We have proved that the qualified dominance transforma-
tion is a task reformulation when considering a task con-
sisting of a single factor. Specifically, after transforming one
factor of the planning task, we get a new planning task which
has no new plans and preserves one optimal plan. The core
idea is to now use the label-dominance to reason about how
the labels affect the other factors. By allowing labels to only
be substituted with labels that are guaranteed to always be at
least as good in all the other factors, this ensures that the path
we compare against is at least as good in all other factors. In
the following, we prove that we preserve a shortest optimal
plan (i.e., an optimal plan that has the minimum number of
actions among all optimal plans). This is relevant, as it en-
sure the preserved plan does not have any noop, and thus
they can safely be removed again. Recall that we add noop
in order to improve the dominance reasoning.

Theorem 4. Let T = (©1,...,0,) be a planning
task, T = (91, ceey 92;1, Aj’q’a(@i), @i+17 ey (‘)n), and
=<==; N <. Then, P(T') C P(T) and T’ preserves a
shortest optimal plan of T

Proof sketch. P(T") C P(T) follows from Lemma 2, since
the plans of 7 is the intersection of the plans of each factor.

The core idea of the proof is to show that every plan
7w with a maximal (w.r.t. <,) path p; in ©; is preserved.
For simplicity we assume that the task is deterministic,
thus there is a one-to-one correspondence between plans
and paths in the LTSs. We prove by contradiction: assume
7 ¢ P(T"). This means applying 7 in ©2 leads to a non-
goal state (g;, T;) where g; is a goal state of O, and there is a
goal state t; € T;. By Lemma 1 there is a path p} s.t. p;<.pl.
In the full proof, we show that this path in ©; corresponds



to a plan of 7, contradicting that 7 is a plan with a maximal
path in ©;. The intuition is that since L(p;) <. L(p}), and
=<==; N =, every label applied from p/ is guaranteed to re-
sult in an at least as good state in all other factors, thus L(p})
is also an at least as good plan in all other factors.

We have now shown that the reformulation works for a
single factor of the planning task. Since the result is just an-
other planning task, we can simply repeat the process on
the other factors. However, when constructing the next fac-
tor, we need a label-dominance relation for the new task
T’. Transforming the first factor may change the label-
dominance in that factor, which may then change the domi-
nance in other factors and so on. Recall that in Algorithm 1,
we need to recompute dominance on the new task after mod-
ifying each factor. In practice, we do not need to completely
recompute dominance, but only to reset the dominance in
the new factor and rerun the dominance computation.

Preserving Label-Dominance

When transforming one factor the dominance may change
in other factors, and fewer labels dominate each other, and
therefore we might not be able to do as effective of a trans-
formation. Thus, the overall reformulation procedure is de-
pendent on the order in which the factors are transformed.
Since it is not clear in which factors the transformation will
benefit the most, it may be detrimental to the performance
if a wrong order is chosen. In this section we provide two
approximate approaches to preserve the label-dominance.

In order to preserve label-dominance in the factor, it
means that whenever ¢ =; ¢’ we need that V(s,T) %
(s, 7"):3(s,T) LN (", T"): (s',T") C (s",T"). There-
fore, we need to know the state- domlnance in the factor.
However, this requires us to first do the transformation e =
A< 4.0(©), then compute dominance on ©*, and finally do
some transformation that ensures label-dominance is kept
and that it is still an optimal plan preserving transformation.
We simplify this process by under-approximating the state-
dominance of ©* by using the state-dominance of ©. The
intuition is that when deciding if (s,T) C (s',T"), the more
states there are in T the fewer plans s has, so if s C s’ and
T is more limiting than 7", then (s’, 7") must dominate. We
know that it is more limiting if all the states of 7" are domi-
nated by a state of 7.

Lemma 5. Let 0 = A<.q,0(©) and C be a <-simulation
relation on ©, with o(-,T) = T. Let C' be a relation where
(s, T)C (s';T)iff sC s andVt' e T":F € T:t' C .
Then, T’ is a <-simulation relation on ©*.

Proof. We show that C’ satisfies Definition 2. Firstly, for (i)
we show that (s,7) C (s',T") implies (s',7") € S v
(s,T) ¢ S¢'.If s ¢ S, then (s5,T) ¢ S6 which sat-
isfies the condition. If s € S, then s € S< because
s C & If3 € T:t € SY then also (s,T) ¢ S
Otherwise, we must have V¢ € T:t ¢ S and since we
have ¢/ C ¢ for all # € T”, then also ¢’ ¢ S© and thus
(s, ") € S%. Secondly, for (ii) we show it also implies
that V(s,T) % (s, 7):3(s',T") 5 (s, 7"): 0 <
A", T") C (", T"). We know that there is a transition

(s’ T') £ (", T") since there is s’ L ¢ that s 8"
since C is a <- s1mulat10n rela/tl}on Slmﬂarly we also know

that V¢/ € T:3t € T:Vt' — t""": 3t —) "t C ot
Thus, (s ”,T”) C (s ”/,T”/). O

When constructing the transformation in Definition 6, we
can under-approximate the 7" sets and still get an optimal
plan preserving transformation, by creating a decision strat-
egy for which elements to include in 7' based on label-
dominance. Our strategy to preserve label-dominance is to
consider a state (s,7") and whenever ¢ =; (' then for all
(s,T) % (s',T") we know there is a transition (s, T)
(s",T") s.t. s’ © s”. We then change this transition to
(s,T) & (s",T!) where T/ C T" st. ¥t' € T/:3t €
T’:t C t'. In other words, when we violate label-dominance
because we don’t know if (s', T") C (s”,T"), we remove el-
ements from 7" until it dominates. Importantly, by Lemma
5, we can always choose T/ = (), if no larger set permits it.

For each state (s;,T;) of the factor ©; we are transform-
ing, we compute a mapping a(s, 1,) (s Lo, &) = T,
from transitions to some T; sets, for all transmons of s, s.t.
VEZ’Eng !/ = Vsl—>s 331—>8”Vt’6
acs, ) (si £ si):3t € ags, 1,)(s4 £ s;):t' C t. Fulfill-
ing this condition means, by Lemma 5, that the target state
of ¢ will dominate that of £. We compute such a mapping
by initializing each entry to the 7" generated by Definition
6, and then we remove states of T that do not satisfy the
cond1t10n until all do. Then we use the decision strategy

als & §\T) = ags,)(s 4, ). In practice, we compute
a lazily when needed.

An important caveat of this technique is that Lemma 5
only applies when we do not modify 7" with a. Since this
changes the behaviour and we can no longer be sure which
states are in I" or not. For example, after altering the state
(s, T') there could be another state (s, 7") which depended
on the original behaviour of (s,T"), and now the dominance
(s/,7") E (s”,T") doesn’t hold. Therefore, this is only an
approximate method to preserve label-dominance, and we
then check if it is actually preserved. If it is not preserved,
we must fall back to recomputing dominance for all fac-
tors. However, in practice, we have never observed that this
method does not manage to preserve the label-dominance.

Preserving Reduced Label-Dominance

Preserving label-dominance reduces the information of the
reformulation, weakening the technique. When preserving
nothing, dominance needs to be recomputed for the entire
task and it risks making transformations that changes label-
dominance s.t. in other factors the transformation is weaker.
Therefore, we take a middle way: we only preserve enough
label-dominance to ensure dominance is preserved in other
factors. We select subsets <! C =<, of the label-dominance
relations in each factor ¢ s.t. each initially computed =;-
simulation relation C; is also a <7-simulation relation. In
other words, j% is a subset of the label-dominance in all
other factors than ¢ that is sufficient to prove the relation C;.

Computing the reduced label-dominance relation can
be done by considering all state pairs where s; T ¢;



and construct/ing for each s; % s} a set of label-pairs
{,0) |t LN ti A s; Cti A€ < £ }. This set represents a
disjunctive condition for the label-dominance that must be
present in order for the s; % s/ transition to be domi-
nated. We then compute a hitting set (a set that intersects
all the sets) over all the disjunctive label-pair sets. Since
the hitting set problem is NP-complete (Karp 1972), we use
a polynomial-time approximation algorithm. This gives us
=7, and then for a factor j the label-dominance we need to
preserve in that factor is jgz Uk,;ﬁj ji.

In Algorithm 1, if we preserved label-dominance, line 5
skipped entirely. If we preserved reduced label-dominance
we only need to recompute the dominance of the trans-
formed factor.

Example Revisiting Figure 2, we can now understand how
the label-relation was computed. In the rock factor, we have
b; T c¢;. To preserve this, we need that clear; < mnoop
because for the transition b; Cleari, c; only have the tran-
sition ¢; 2922y ¢;. This allows us to have the transition
(bi,0) <4iy (¢;, {b;}). Observe now that, in this state, we
can no longer explode the dynamite without being dom-
inated. In the dynamite factor, we need to preserve that
ej £ by, which means pay; =< noop. However, this does
not affect the transformation because pay, is only relevant in
this factor. The reformulation has captured something quite
powerful, namely that after clearing a rock it doesn’t make
sense to explode the dynamite, because we could have just
not cleared the rock in the first place. Similarly, after grab-
bing the dynamite it doesn’t make sense to return it without
exploding it. This simplifies the problem a lot and allows the
heuristic to focus on the relevant parts of the search space.

Task Shrinking

Since the reformulation can increase the task size, and thus
potentially increase the apparent complexity of solving the
task, we also consider a method for shrinking the task af-
ter the transformation. The simplest approach is to apply
an abstraction that shrinks all states originating from the
same source state together. For a given state in the original
factor s, we thus shrink (s,T), (s,7"),(s,T"),... to one
state. When performing this step, the reformulation is guar-
anteed to be a simplification, (i.e., there are no more states
or transitions in the task). Formally, we create an abstrac-
tiona : S ;))\runed — S, which maps non-dead states from the
pruned qualified dominance reformulation back to original
states, s.t. «((s,T)) = s. Pruned meaning we have removed
unreachable or dead-end state. In our running example, the
(b;,{b;}) state is pruned because it is a dead-end. The ab-
straction induces the LTS ©M* = (S, L, =) o, 57, Sﬁa),
where s %, o iff IT,77: (s,T) Her (s/,T7), and
s € Sga iff 37: (s, T) € S§.

Theorem 6. P(6*%) C P(O) and P*(0>*)NP*(0) # ()
Proof. There are no new plans because a transition can only
be in ©* if it was in ©. An optimal plan is preserved be-

cause it is an abstraction and thus it’s plans are a superset of
those of ©7. ]

Experiments

We perform A* heuristic search on the reformulated task,
so the heuristic is computed on a factored task. Abstraction
heuristics for factored planning tasks have been studied by
Biichner et al. (2024). We use the Merge-and-Shrink heuris-
tic (Helmert et al. 2014), as it is easy to adapt to our setting,
specifically the DFP-B-50K configuration described in Siev-
ers, Wehrle, and Helmert (2014).

We implemented our approach on top of Fast Downward
(Helmert 2006). We ran experiments with Lab (Seipp et al.
2017) on AMD EPYC 7551 CPUs with memory/time cut-
offs of 10 GB and 30 minutes. We use the Autoscale bench-
mark set (Torralba, Seipp, and Sievers 2021), which con-
sists of 42 domains with 30 tasks each. Additionally, we
include the mars-rover-dynamite domain from our running
example, with 30 tasks that scale the number of rocks and
dynamites. The mars-rover-dynamite domain is designed to
have disjoint solution strategies (clear rocks vs. use dyna-
mite), which is exactly the kind of structure our method
exploits. All tasks are automatically transformed into FTS
tasks (Helmert 2009; Sievers and Helmert 2021). Code and
experiment data will be made available upon publication.

We structure this section into research questions: RQO:
What kinds of reformulations do we achieve? RQI: How
does the limit k on the size of the T sets affect performance?
RQ2: How do the different approaches to preserving label-
dominance affect performance? RQ3: How does shrinking
the reformulated factors affect performance? RQ4: Does the
qualified dominance reformulation improve state-of-the-art
techniques?

RQO: To understand the reformulations, we show three
metrics of the reformulated factors in Figure 3: number of
goal states, states, and irrelevant labels. The number of tran-
sitions is almost identical to the number of states. Irrelevant
labels are labels that have only self-loops in all states, i.e.,
they have no precondition or effect on this factor. For goal
states, in the benchmark used in each factor, either all states
are goal states or exactly one state is a goal state. Therefore,
if everything is a goal state, the number of goal states can
only decrease. This often happens, which is good because
it allows the heuristic to reason about these new goals. For
states, we see that the size of the factors sometimes explodes,
which is evidence that limiting % is desirable. Additionally,
the number of irrelevant labels decreases, meaning the algo-
rithm discovers previously unknown relevance of these la-
bels. This is interesting, as it discovers hidden interactions
between factors.

RQI: In Figure 4 (left), we see the number of expansions
when varying the maximum size of the 7T sets. There is only
a small difference between limiting the size. We choose k =
3 as our default setting.

RQ2: In Table 1, we compare the different approaches
to preserving label-dominance. All are worse than the base-
line, but preserving reduced label-dominance and preserving
nothing have the most cases of beating the baseline. Since
preserving reduced label-dominance has better runtime per-
formance, we choose this as our default approach. There
are many instances where preserving full label-dominance
is better; however, we found these are instances where the
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Figure 3: Scatter plots showing, on the x-axis, the number
before reformulation and, on the y-axis, the number after
reformulation for goal states, states, and irrelevant labels for
all factors in all instances, when not limiting the size of T'.

Heuristic Blind MAS-DFP

Preserve | BL None LD RLD|BL None LD RLD
BL 0 84 62 69| O 74 67 70
None 22 0 5 0| 27 0 11 0
LD 20 25 0 10| 23 14 0 10

RLD 22 15 5 0] 27 4 11 0

Table 1: Number of instances that row solved and column did
not. Entry (row,col) is bold if it is larger than (col,row). BL
is the baseline, without qualified dominance. None preserves
nothing, LD preserves full label-dominance, and RLD pre-
serves reduced label-dominance.

baseline is already best, and since the transformation is
weaker, it performs better.

RQ3: In RQO, we saw that the reformulation often cre-
ates many new states. This can increase the size of the state
space, meaning a smaller fraction of the states will be du-
plicates. This weakens the duplicate detection mechanism
during search, leading to more expansions. To mitigate this,
we try shrinking the reformulated factors back to the original
states by shrinking all states (s, T") and (s, T”) into one state
s, ensuring that the transformation is a simplification, i.e., it
has no more states or transitions. In Figure 4 (right), we see
the number of expansions when shrinking to original states
compared to not shrinking. We see that shrinking to origi-
nal states is usually best, but similarly to before, this is often
because the transformation is undesirable in these problems.
We also tried shrinking bisimilar states, but there was only
very minor improvement over no shrinking, indicating that
the transformation does not create many bisimilar states.

RQA4: In Table 2, we compare our approach to no trans-
formation and to subsumed transition pruning (Torralba and
Kissmann 2015). We reimplement the subsumed transition
pruning method in our framework by setting £ = 0 and
pruning transitions (s, @) < (s',7") whenever there exists
t € T' such that ¢ C ¢. This differs slightly from the orig-
inal method because they handle maintaining valid domi-
nance relations differently. We observe that, when using the
MAS-DFP heuristic, qualified dominance without shrinking
beats the baseline in 27 instances and STP in 19 instances.
However, the advantage is largely due to our own domain,
mars-rover-dynamite, in 18 instances for both. For a more

IT| =
No Shrinking

102 10 10° uns. 102 10* 10% unms.
+:|T|=<1, x:|T|=<3 Shrink To Original

Figure 4: Number of expansions during search with MAS-
DFP. On the left, we compare limiting the size of the T’ sets:
on the y-axis, no limit; on the x-axis, + indicates limiting to
1, and x limiting to 3. On the right, we compare shrinking
the reformulated factors back to the original states.

Heuristic Blind MAS-DFP

BL QD QD-SO STP|BL QD QD-SO STP
BL 0 69 32 271 0 70 21 10
QD 22 0 0 0127 O 8 19
QD-SO | 30 45 0 3130 60 0 13
STP 30 50 8 0123 75 17 0

Table 2: Number of instances that row solved and column did
not. Entry (row,col) is bold if it is larger than (col,row). BL
is the baseline, i.e., without reformulation. QD is qualified
dominance with k = 3; QD-SO is the same but also shrinks
to original states; STP is our version of subsumed transition
pruning.

detailed table, refer to Table 3 in the appendix. This shows
that there are cases where qualified dominance is beneficial
beyond subsumed transition pruning, but overall STP is best.
Overall, we find that qualified dominance reformulations
can be very beneficial, but these cases are rare in standard
benchmarks. A key problem is that it increases the number
of states, sometimes by a lot, and this weakens the duplicate
detection mechanism during search, wherefore we see more
expansions compared to the baseline during blind search.
Our technique works well in mars-rover-dynamite be-
cause of the two different choices for solving the prob-
lem: either collect all rocks without using dynamite or use
dynamite to blow up rocks. Since they are disjoint, label-
dominance is effective in realizing that they should not be
mixed. In other domains, this is less clear, and the label-
dominance technique is not able to perform this reasoning.

Conclusion

In this paper, we introduced a novel task reformulation tech-
nique based on qualified dominance. By extending the no-
tion of qualified dominance, we enabled the systematic re-
moval of parts of the task that can be proven to always yield
dominated plans. Our experimental evaluation shows that
this reformulation can significantly reduce the search effort,
even if such cases are rare in standard benchmarks. We be-
lieve that further improvements to the inference technique
will broaden the applicability of these reformulations.
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Proofs

Lemma 1. Let © be an LTS and ©* = )< 4,(0). For
all paths (s, T) Yo (s',T"), there exists s £5g &, s.t.
L(p) = L(p1) and for all t' € T’ there is a path ps s.t.
L(p1) =« L(p2) and either (I) 3t € T:t L3g t', or (Il)
5 L2g t' A p1 < po.

Proof. We prove this by induction of the length of the path
|p| = n. Base case (n = 0): p = p1 = pa = ¢ trivially
satisfying (I) for all ¢’ € T". Inductive case: Let |p| = n+1
and p = p'(sn,Tn) “=er (s/,T"). By Definition 6, we
know that there is s,, “+¢ s, and thus p1 = P15y Iny o,
By the induction hypothesis there exists p s.t. s £% s, and
for all ¢, € T, exists p} s.t. L(p}) = L(ph) and satisfy-
ing either (I) or (II). By Deﬁn1t10n 6, t' € T’ implies either
(prev10us) I, € Tp: 3, == t': 4, 2L or (51b11ng)
dsp, —>t’€ <l A (sn—>t)<(sn—>t)lf
(previous) holds, then po = pht,, —=» t' and since ¢,, < Z’

we have L(p1) = L(p2). If (sibling) holds, then pg =

P Sn Loy ¢ and since £, < £/, and (s, < ') < (s, ot )
O

then L(,Ol) =< L(p2) and P1<% 2.

Lemma 7. Let © be an LTS and ©* = A< 4 (0). For all
paths p = s; by gy L2y L ooy Sn of ©, there exists a
path p' = (s1,T1) 25 (s2,To) - ==L (s,,T},) for all
Ty C 25.

Proof. This follows directly from Definition 6, since we
have for every transition s —¢ &' a transition (s,7T) % ga
(s',7"). d

Lemma 8. Let T = (01,...,0,), 1 < i < n, 2=
N = 8 &@ng, and s; %o, t; where L(p) =. L( )
There exists s &)@T ust.t; CuyandVj#i:g; Cu

Proof. To clarify, s,g,t,u € S and s = (s1,...,5n),
t = (t1,...,t,) and so on. We consider the product of the
factors other than i, ©; = X hoti ©y,. It has been shown in
(Torralba and Hoffmann 2015) that the dominance relation
also composes into ;. We prove by induction on k =
i.e. the length of p. Base case (k = 0): The only option
isp=p =p" =candthus g = ¢t = u and since C
is reflexive, thls satisfies the statement Induc;‘zve case: Let
p =35k ¢ Mgandp—s t’J’—>tl,smce
lox| = k by the 1nduct10n hypothe51s we have s 78 u

st. gl C ¢ andg C u . Now, since /1 =; £k+1 we
know that g gﬁ% g/7 and g; T g7 Since gj C uf
there must exist u/; Loty uj st. g C gf C wy and
U1 =5 41, which means ng dominates £, in ©;.
Thus, we have a transition ¢} lil% u; s.t. t; C wu;. There-
2 u' Ges1y y satisfies the statement. a

fore, p”" = s *&

Theorem 4. Let T = (O4,..., @n) be a planning
task, T/ = (617 ceey @iflv j (61) [ SRIEE) @n); and
=<==3; N <. Then, P(T") C P(T) and T' preserves a
shortest optimal plan of T.

Proof. P(T') C P(T) follows from Lemma 2, since the
plans of 7" is the intersection of the plans of each factor.

Let ©* = A< 4 (0;). Let  be the plan among the strong
optimal plans of 7 which has the maximum path p; in ©;
WLt < s.t. s; Yhe, g; with s; € ST and s, € S&. We prove
by contradiction: assume 7 ¢ P(7"). By Lemma 7 there is
a path (s;, 0) 31»@? (gi,T;) and, since 7 is not a plan of 7’
and the other factors are unaltered, (g;, ;) is not a goal state.
Therefore, there exists t; € T; s.t. t; € S¢. Now, by Lemma
1, there is a path s; %bg, t; s.t. p; <. pl/ and © <5 L(p!)).
Let 7/ = L(p!). From t € S& we know 7' € P(©;) and
since < C <. we have ¢(L(p})) < ¢(). Thus, 7’ is just as
good as 7 and is a plan of ©;.

We now show that there exists 77 that is a plan of 77 and
m' < w". Since m € P(T), there is a path s % g, with s €
ST, g € SG. By Lemma 8, there exists s & us.t. g; C t; and
Vj #i:g; C uj. Because t; € S& and Vj # i:g; € SG
the dominance of ¢; C u; and Vj ;é 1:g; £ u; ensures that
u € S Thus, 7" = L(p') is a plan of 7.

Finally, we show that we can construct p’ s.t. it has a max-
imum path in ©;. p; and p} have a (possibly empty) common
prefix. Consider the first index k s.t. p;[k] # pl/[k] (by p[k]
we denote the k’th transition of p). Let p;[k] = g & 7%
and pf/ [k] = qu Ly r}.. They must have the same source. We
know that £ =< £}, thus we can choose 7" s.t. 7/ [k] = £}
and that there is a path s; 25 u; and L(p") = 7. By Def-

inition 6, (gx %> r¢) < (qx Ly ;) and thus p; <, p}’,

which contradicts that 7 was the strong optimal plan with
the maximum path p;. O



